We study the character change of the pionic condensation at finite isospin chemical potential µ I by adopting the linear sigma model as a non-local interaction between quarks. At low |µ I | the condensation is purely bosonic, then the Cooper pairing around the Fermi surface grows gradually as |µ I | increases. This q-q pairing is weakly coupled in comparison with the case of the q-q pairing that leads to color superconductivity.
linear sigma model [25] , which respects chiral symmetry, as an inter-quark interaction, since 1) the pion condensation occurs as a spontaneous symmetry breaking among three pions that have light but non-zero masses after the chiral symmetry breaking between the sigma meson and the pions, and 2) the effect of high |µ I | on it has long been studied [9, [26] [27] [28] .
In Ref. [29] the BEC-BCS crossover in the diquark pairing was studied in a boson-fermion model similar to that of the present study but the condensation is momentum independent.
Finite µ I occurs with finite µ B in the real world; with finite T and small µ B , for example 0.04 GeV [30] , in heavy ion collisions and with (near) zero T and large µ B , for example > ∼ 1
GeV, in compact stars. In this sense, the present study of the system with µ B = 0 is just the first step to investigate the realistic systems. However, since a signature of the BEC-BCS crossover in the chemical potential dependence of the condensation is measured in a lattice simulation for the SU(2) color system [31] that is in a sense dual [32] to the finite µ I system, the spatial structure of the composite pions would be worth studying even with µ B = 0.
When a conserved charge density N exists, the effective Lagrangian density is obtained with replacing the Hamiltonian density H by H − µN , here µ denoting the corresponding chemical potential, in the partition function and performing momentum-field integrations [33] . The result for the charged pion is L eff = L(π 1 →π 1 − µπ 2 ,π 2 →π 2 + µπ 1 ).
Since the isospin chemical potential µ I corresponds to the charge chemical potential in the hadronic world, this form applies to the present purpose. This indicates that the role of µ I corresponds to that of the angular frequency in the non-relativistic spatial rotation, that is, to move to a "coordinate frame" rotating in the 3 dimensional isospin space; the zero-energy rotational motion is a physical image of the Nambu-Goldstone mode.
The adopted effective Lagrangian for the quarks, sigma mesons and pions is
the meson mixing was calculated in another model [36] . Since the essential character of the massless meson propagation in the pion condensed phase is the rotational motion in the isospin space, we adopt a polar coordinate representation,
without expanding the angular field. This representation assures the conservation of the (third component of the isospin) current of the total system seen in the "rotating" frame:
within the quadratic terms of the fluctuating quantum fields. In other words, the equation of motion of the angular field assures the current conservation.
After confirming this point, we write down the coupled Klein-Gordon equations retaining the lowest order terms in each equation as
Here we make one additional approximation to handle the set of equations: We ignore −2µ I π θ in the second equation that corresponds to the Coriolis coupling. Its influence will be checked later. The obtained set contains 1) the σ-π mixing (the first and second equations), and 2) the rotational massless field (the third equation) due to the existence of the pion condensation π .
The equation of motion of the quark propagator
where i, j and α, β represent isospin and Dirac indices, respectively, and |0 is the pion condensed ground state, is given by
After sorting the mean field terms in
to the left-hand side, we substitute Eq. (7) inverted by diagonalizing the meson mixing to Eq.(9). Then we perform a one-body reduction (the Wick decomposition) such as
Note that only the Fock terms appear since the Hartree (mean field) terms have already been sorted. Consequently the resulting equation of motion reads
where Σ(x − y) stands for the non-local Fock selfenergy that depends on G(x − y), and an integration over y is understood. By a Fourier transformation and an isospin decomposition,
we obtain a Gor'kov [37] type equation,
with h = α · k+ β(m q + G σ ) being the free single particle Hamiltonian with the constituent quark mass, M q = m q +G σ . This form clearly indicates that the present subject is a pairing problem. The upper and lower double signs mean the u and d quark sector, respectively; both contain the same information. In the following we take the lower one.
In order to solve Eq. (14) and look into the spatial structure of the composite two body system, the pair wave function [38] given by the Bogoliubov amplitudes is necessary. The route is parallel to the non-relativistic case depicted in App. A. This method was utilized for the nucleon pairing in Ref. [39] . In the present case, G 0 ± G 3 corresponds to the normal Green function and √ 2G ± does to the anomalous one. First we express them in terms of the densities. The relativistic free quark field of i-th flavor without pairing is expressed as
q . The number of single particle states must be doubled so as to have two energy states mixed by pairing interaction, as done by means of the Nambu representation [40] in field theoretical terms. The doubled states are diagonalized by means of the Bogoliubov transformation. Then the upper half states are regarded as unoccupied quasiparticle states while the lower half ones are occupied quasihole states. Therefore the particle states before transformation are regarded as superpositions of the quasiparticle with energy E k and the quasihole with energy −E k . Thus, in the present case, the quark field that defines G(x − x ′ ) is thought to be expanded in the same form as Eq. (15) but with
with the Bogoliubov amplitudes specified below. Substituting it to Eq. (8) and Fourier transformation lead to
Next, the densities such as aa † are expressed in terms of the Bogoliubov amplitudes by specifying the relevant transformation. In general, the exchange of quantum mesonic field produces non-local interactions of the type
Therefore the quasiparticle takes the form of Eq.(B2). To be specific, however, here we consider a i -b j that leads to the momentum dependent pionic gap function, and a i -a i and b i -b i that lead to the Fock mass, among them. Then the two types of quasiparticles specified in App. B decouple from each other; a i and b i † in q i become a constituent of different kind of quasiparticles. Then the normal and anomalous propagators are given as
Note that the expectation values arisen from the commutation relation are already subtracted in the backward terms.
Substituting these expressions back to Eq. (14) and taking residues at ω = E k , finally we obtain a 4 × 4 hermitian matrix equation at each k,
Here the eigenenergy is denoted by e since both the quasiparticle and quasihole solutions are obtained from this, and use has been made of
The real Bogoliubov amplitudes are defined as
and all quantities appearing in Eq.(19) are real. Among them,
represent the momentum dependent pionic gap functions for the dū and ud condensation, respectively, while First, we check the meson masses under the present approximation in Fig. 1 . The cusp just after the transition |µ I | = m π is brought about by the neglect of the Coriolis coupling term in Eq. (7). Definitely, the eigenvalues of the 2 × 2 diagonalization after that in the polar coordinate representation are
while two non-zero eigenvalues of the 3 × 3 diagonalization in the Cartesian coordinate representation [26] are
The present result given by Eq.(24), the lower one of which tends to 0 when π approaches 0, is not consistent with the one obtained in the frame of the chiral perturbation [42] , but this difference is a trade-off for obtaining the meson mixing. Practically, its influence is limited to just after the transition. 
Therefore the v ′ term due to the σ-π mixing prevents one from casting Eq. (19) into the form of the gap equation. Nevertheless, the notion of the pair wave function [38] is useful for looking into the physical contents since A 2 − C 2 is small around the Fermi surface. (26)) shown in Fig. 2 (c) . The bump around k = 0 is a novel feature of the present case; this is brought about by the mesonic contribution π to the gap function π(k) (see Eq. (22)) as shown in Fig. 2 (d) . In this gap function, the mesonic and the Cooper pair components are comparable around the Fermi surface, whereas the former is dominant around k = 0 because of the k dependence ∝ M q /E k . Figure 3 shows the µ I dependence of various quantities. Figure 3 (a) shows the pair wave functions at several µ I s as functions of the momentum. This shows that, leaving room for possible error related to the discussion about Fig. 1 , at low |µ I | the peak due to the Cooper pairing can not be seen. Actually, q andq are bound to each other for |µ I | < 2M q as shown in Fig. 3 (b) . Thus, we can conclude that the pionic condensation has a mixed character: Purely bosonic just after the appearance of the condensation, then the Cooper pairing gradually grows as |µ I | increases with retaining significant bosonic component. To look into the spatial structure of Cooper pairs more closely, we Fourier transform φ(k) as
The results for several µ I s are shown in Fig. 3 (c) as functions of the relative distance.
Obviously those for higher |µ I | wave till longer distance. Figure 3 (d) graphs the coherence length, At higher |µ I |, in the present calculation |µ I | ≥ 0.8 GeV, a gapless pairing (e < 0) takes place. The gapless dispersion is known to occur in the case of pairing between particles with different masses [46] . In the present case, the Fock term produces the difference in the mass (see the denominator in Eq. (26)).
Finally we look into the character of the fourth level, the higher quasiparticle, that corresponds to the Dirac sea pairing in Ref. [39] . This level is of almost pure u quark 
where ξ k and ∆ are the single particle energy measured from the Fermi surface and the momentum independent pairing gap, respectively. Its solution is
Substituting them back to Eq.(A1) gives
The residues at ω = E k (quasiparticle) lead to
Those at ω = −E k (quasihole) lead to the same equation. Therefore the equation for the Green functions and that for the Bogoliubov amplitudes are equivalent.
